We present symmetry properties of the lattice vibrations of graphene nanoribbons with pure armchair (AGNR) and zigzag edges (ZGNR). In non-symmorphic nanoribbons the phonon modes at the edge of the Brillouin zone are twofold degenerate, whereas the phonon modes in symmorphic nanoribbons are non-degenerate. We identified the Raman-active and infrared-active modes. We predict 3N and 3(N + 1) Raman-active modes for N -ZGNRs and N -AGNRs, respectively (N is the number of dimers per unit cell). These modes can be used for the experimental characterization of graphene nanoribbons. Calculations based on density functional theory suggest that the frequency splitting of the LO and TO in AGNRs (corresponding to the E2g mode in graphene) exhibits characteristic width and family dependence. Further, all graphene nanoribbons have a Raman-active breathing-like mode, the frequency of which is inversely proportional to the nanoribbon width and thus might be used for experimental determination of the width of graphene nanoribbons.
I. INTRODUCTION
Graphene, a single layer of carbon atoms, attracted tremendous attention for both theoretical and experimental studies.
Its unique properties as a twodimensional crystal make it a fascinating model system for fundamental studies of condensed matter physics, while its remarkable electronic and transport properties and the available fabrication by lithographic processes are promising for future application in nanoelectronic devices, e.g., ballistic room-temperature transistors. However, defect-free and unpatterned graphene is a zero-gap semiconductor and is thus unsuitable for use in novel electronic devices that require precise control over carrier type and transport. In this context, graphene nanoribbons (GNRs), narrow stripes of graphene, have evolved from model systems for the investigation of edge effects in graphene and graphite 1 into promising materials in their own right. While those nanoribbons possess similarly outstanding properties as graphene, edge effects like the quantum confinement of the electronic wavefunctions in sufficiently narrow nanoribbons can result in the opening of a band gap in the electronic structure, exhibiting a characteristic dependence on chirality and nanoribbon width [2] [3] [4] [5] [6] [7] . Furthermore, they give rise to interesting magnetic properties in nanoribbons with zizag-shaped edges (ZGNRs) 1, 6, [8] [9] [10] [11] [12] [13] . Lattice vibrations have a significant effect on the transport of valence electrons in graphene-related materials due to a strong electron-phonon coupling 14 . Therefore, the investigation of vibrational properties of graphene nanoribbons is of great interest for the physical understanding of those structures. So far, there are only a few reports addressing this topic, the most of which focus on edge-localized phonons in armchair graphene nanoribbons (AGNRs) 15, 16 . Kawai et al. 17 and Malola et al. 18 predict the occurance of a characteristic Raman peak at a frequency about 2000 cm −1 for nonhydrogenized armchair nanoribbons due to edge-related vibrations. Zhou et al. 19 calculated the lattice vibrations at the Γ-point of various AGNRs and ZGNRs and found a Raman active phonon mode of width-dependent frequency, similar to the radial breathing mode (RBM) in carbon nanotubes. These insights could prove to be useful for characterization purposes. Yamada et al. 20 used a molecular approach to derive the full phonon dispersions of small AGNRs and ZGNRs by zonefolding of the calculated phonons of polyaromatic hydrocarbons (PAHs) of suitable sizes and thus were able to relate molecular vibrations and phonons in crystals.
However, to the best of our knowledge, no systematic work on the symmetry properties of the phonons in GNRs has been reported so far. The use of crystal symmetries is a versatile instrument in solid state physics, e.g., for the theoretical investigation and understanding phonon dispersion, electronic band structure and optical activity, which are ruled by symmetry and selection rules. In this sense, not only edge effects but also the different symmetry in graphene nanoribbons compared to graphene and carbon nanotubes (CNTs) could be responsible for differences in electronic and vibrational properties. Moreover, symmetry-based selection rules for optical methods, such as Raman and IR spectroscopy, will help to predict and understand experimental results.
In this work, we present the symmetry properties of graphene nanoribbons with pure armchair and zizgag edges. We use group theoretical methods to derive the full dynamical representations of AGNRs and ZGNRs, describing the full symmetry properties of their phonon spectra, and discuss Raman and infrared active modes. Further, we compare our results with ab initio density functional theory calculations of the nanoribbon phonons from previous work 21 .
II. CALCULATIONS
The calculations of phonon frequencies of GNRs were performed with the computational package SIESTA 22, 23 , utilizing a density functional theory approach in the local approximation form 24 . Pseudopotentials were generated with the Troullier-Martins scheme 25 . The valence electrons were described by a double-ζ basis set plus an additional polarizing orbital. The localization of the basis followed the standard split scheme and was controlled by the energy shift, an internal SIESTA parameter, which we set to a value of 50 meV. Integrations in real space were performed on a grid with a fineness of 0.08 Å, which can represent plane waves up to an energy of 270 Ry. 30 k-points along the reciprocal lattice vector were used to approximate integrations in reciprocal space. The space between periodic nanoribbon images in our case was at least 20 Å in order to prevent interaction between them. We fully relaxed the atomic positions of both AGNRs and ZGNRs until atomic forces were less than 0.01 eV/Å. The phonon calculations were performed by applying the finite difference method 26 . We used a supercell approach with a 9 × 9 × 1 supercell, the above parameters for cutoff energy and basis set and a grid of 3x3x1 k-points to calculate the phonon dispersion of graphene. All frequencies were scaled by a constant factor to match the experimental frequencies of the E 2g -mode in graphene, in order to achieve a better comparability between theory and experiment.
III. RESULTS AND DISCUSSION

A. Symmetry Properties
In this section, we discuss the determination of the irreducible representations that correspond to the phonons of a given nanoribbon. As graphene nanoribbons are quasi-1D-crystals and possess translational periodicity in only one direction, the description of their symmetry properties can be done using line groups [27] [28] [29] [30] . Due to the periodicity of the crystal, all combinations of point group symmetry elements, i.e., rotations, mirror planes and inversion symmetry, with translations that leave the crystal invariant, are elements of the crystal symmetry group and thus elements of the line group L. The action of a symmetry transformation
on an arbitrary vector r of the nanoribbon is then a transformation of r by the point symmetry operation Q i with a successive rigid translation by (τ + ν i )a, i.e.,
where τ is an arbitrary integer and denotes a translation by a multiple of the lattice vector a and ν i ∈ [0; 1) denotes a translation by a fraction of a.
A phonon disturbs an underlying crystal by displacing the crystal atoms by a small amount. The representation of the phonons Γ phon is thus given by the direct product of the equivalence representation Γ eq , which mirrors the symmetry properties of the nanoribbon, and the representation Γ vec of an arbitrary polar vector (representing the displacement of the phonon). It can be decomposed into irreducible representations, i.e.,
where a j is the number of each irreducible representation in Γ phon . Only those lattice vibrations are normal modes which are compatible with the irreducible representations of Γ phon . The symmetry properties of the phonons with wave vector k can be extracted by decomposing the equivalent representations Γ eq k and Γ vec k and applying Eq. 2. The characters of the equivalence representation for the symmetry operation R i are given by
where the delta function δ is 1 for atoms that are shifted by the symmetry operation R i from the position r j to the position of an equivalent atom, and 0 otherwise. The exponential function in the sum adds a phase factor for phonons with wave vectors k, for which Q i k = k + K, where K is a reciprocal lattice vector. In case of nanoribbons, K = 2π a e z for k = π a and 0 for all other k vectors, including the Γ-point.
Phonons at the Γ-point
The symmetry properties of graphene nanoribbons depend on whether the number of dimers per unit cell N is even or odd. As visible in Figs. 1 and 2 , the point group components Q i of the symmetry operations (Q i |v i + t) ∈ L of all nanoribbons are three two-fold rotations C . Therefore, the factor group, i.e., the group of symmetry operations R i = (Q i |ν i ), neglecting the translations by integer multiples of the lattice vector a, is isomorphic to the point group D 2h .
For N -AGNRs with odd N and N -ZGNRs with even N , v i can be set to zero for all symmetry operations R i , see Fig. 1 (b) and Fig. 2 (b) . These nanoribbons belong to the symmorphic line group L2/mmm. Only atoms transformed onto equivalent atoms by the symmetry operations (Q i |0) contribute to the equivalence representation and, using the character tables for the line group L2/mmm (see appendix B, Table IV) , we obtain Γ eq, k=0
where Γ A and Γ Z denote representations for AGNRs and ZGNR, respectively. The line-group notation for the irreducible representations follows Refs. 28 and 29.
The atomic displacements of corresponding atoms in different unit cells are equal for phonons with k = 0. In this case, we can express the dynamical representations of the phonons by means of irreducible representations of the point group D 2h (For conversion of the line-group notation into the molecular notation of irreducible representations of point groups, see appendix B, Table IV) . Eq. 2 then yields As all components for both AGNRs and ZGNRs are one-dimensional, there are no systematically degenerate phonon modes at the Γ-point.
In case of armchair nanoribbons with even N and zigzag nanoribbons with odd N , an additional fractional translation with v = 0.5 is needed for some symmetry operations R i to maintain crystal symmetry. These nanoribbons thus belong to the non-symmorphic line group L2 1 /mcm (appendix B, table V) . In case of armchair nanoribbons, the equivalence representation changes compared to odd-N -AGNRs due to the fact that the nanoribbon axis does not contain any carbon atoms, see Fig.1 (a) . This results in χ eq, k=0
A, even N (σ yz ) = 0. In ZGNRs however, the altered atomic structure has no effect on Γ eq,k=0 , as the characters do not change. The equivalence representations are then
Applying Eq. 2 results in the dynamic representation for the Γ-point phonons of N -AGNRs with even N and ZGNRs with odd N :
Note that the equivalence representations for odd-N -and even-N -ZGNRs are equal, which implies that the symmetry properties of phonons at the Γ-point are the same for all ZGNRs.
Phonons with wavevector k = 0
The same approach as for phonons at the Γ-point is applicable for general lattice vibrations as well, with different representations for the phonon wavevectors Γ vec,k . We derived the full dynamical representations for the phonons of nanoribbons with armchair and zigzag edges, respectively, which are listed in appendix B.
The wavevectors k and -k are equivalent and thus representations for k ∈ (0, π a ) and −k ∈ (− π a , 0) are twodimensional representations 29 , which have to be compatible with the representations at the Γ-point. These compatibility relations can be used to construct the representations of the phonons with 0<|k|< π a . This is done by merging those representations of the phonons at the Γ-point that are equivalent under the lowered symmetry for 0<|k|< π a . The displacement of the nanoribbon atoms due to a phonon with a wavevector k and a frequency ω is given by k E B1 , respectively (refer to Section A). Thus, the dynamical representations can also be derived from compatibility relations to the Γ-point phonons instead of using Eq. 2.
For symmorphic nanoribbons, the compatibility relations can be used for phonons at the edge of the Brillouin zone. There, the representations are one-dimensional and equivalent to the eight representations at the Γ-point. Pairs of the two-dimensional representations for k = (0, For non-symmorphic nanoribbons, pairs of representations
Consequently, in non-symmorphic nanoribbons, all phonon modes are twofold degenerate at the edge of the Brillouin zone.
The symmetry-induced degeneracy of the phonon modes at the Brillouin zone can be clearly seen in ab initio calculations of the full phonon dispersions of small-width nanoribbons presented in previous work 21 . We found that almost all branches of the phonon dispersion of AGNRs with even N and ZGNRs with odd N , i.e., the non-symmorphic nanoribbons, are twofold degenerate at k = π a . No systematic degeneracy was found for the symmorphic nanoribbons, i.e., N -AGNRs with odd N . Corresponding results have been reported by Yamada et al 20 . These results were not understood from simple zonefolding considerations. Here we have shown that instead the degeneracy of phonon modes at the Brillouin zone edge is solely determinded by the symmetry properties of the nanoribbons. We refer to Fig. 9 in Ref. [21] and Figs. 3 and 9 in Ref. [20] for calculated phonon dispersions of various AGNRs and ZGNRs.
B. Raman active modes
In this section, we will analyse which of the nanoribbon phonon modes can be observed in a Raman experiment. Raman scattering is inelastic scattering of light, where a change in frequency of the scattered light occurs due to the creation or the annihilation of Raman active phonons in the material. The polarization and the intensity of the scattered light are linked to the incident light by the Raman tensor R; the scattering intensity is proportional to
where e i and e s denote the polarization of incoming and scattered light, respectively. As the Raman tensor is a second-rank tensor, its symmetry Γ Raman is given by the direct product of the representations of a polar vector, Γ vec,k=0 and Γ vec,k=0 * , i.e.,
Only the phonon components contained in the representation of the Raman tensor are Raman active. All Raman active phonon modes are even (subscript g) under inversion. The polarization of the scattered light in relation to the polarization of the incident light depends on the involved Raman active phonon, see Table I . In the case that a phonon with A g symmetry is emitted or absorbed, the polarization of the scattered light is parallel to that of the incident light. In case of B 1g , incoming and scattered light are cross-polarized in the xy-plane. Similarly, B 2g and B 3g change the polarization of the incoming light in the xz-plane and yz-plane, respectively. In a former work, we showed that it is possible to classify the Γ-point phonon modes of nanoribbons into six fundamental modes and 6(N − 1) overtones, N − 1 
overtones for each fundamental mode. The six fundamental modes are similar to the six phonon branches at the Γ-point of graphene, thus they are of special interest. The symmetry properties of the acoustic fundamental modes are equal for all AGNRs and ZGNRs, and none of these modes is Raman active. The longitudinalacoustic phonon (0-LA), which induces an atomic displacement parallel to the nanoribbon axis, has B 1u symmetry. The representations of the transverse-acoustic (0-TA) and the out-of-plane-acoustic fundamental mode (0-ZA) are B 3u and B 2u , respectively, for all nanoribbons. In contrast, the representations of the three optical fundamental modes are of even parity, and consequently, these phonons are Raman active. For AGNRs, the longitudinal-optical fundamental mode (0-LO) has A g symmetry and can thus be observed only for zzpolarization. The transverse-optical (0-TO) and out-ofplane-optical modes (0-ZO) have B 2g and B 3g symmetry, respectively, and are forbidden in zz-polarizaton. We therefore expect that the three optical modes can be observed separately by polarization-dependent Raman measurements. For ZGNRs, the representations of the 0-LO and 0-TO are interchanged compared to AGNRs (i.e., 0-LO: B 2g , 0-TO: A g ) and the 0-ZO has B 1g symmetry. The reason for this is the difference in structure between AGNRs and ZGNRs. In ZGNRs, the twofold rotation C x 2 around the x-axis of the nanoribbon and the mirror plane σxy leave carbon atoms invariant, in constrast to AGNRs. In this sense, there is a simple correspondence between ZGNRs and armchair nanotubes, where the TO is fully symmetric and Raman-allowed in zz-configuration, and between AGNRs and zigzag nanotubes, where the LO phonon is fully symmetric. Note that in AGNRs and ZGNRs both LO and TO are Raman active, though in different scattering geometries, whereas in zigzag and armchair carbon nanotubes the TO and LO, respectively, are Raman inactive 31 . For characterization of nanoribbons or determination of the graphene crystallographic direction, the different LO and TO selection rules in AGNRs and ZGNRs might be useful.
As shown in Ref. 21 , there are three families of armchair nanoribbons regarding the Γ-point frequencies of the 0-LO and the 0-TO. This corresponds to the behaviour of the electronic properties 5 , where AGNRs were found to be quasi-metallic or semiconducting, depending on the number of dimers in the unit cell. The magnitude of the band gap can be classified into distinct fam- 
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ilies. This family behaviour is also found for the LO-TO-splitting, see Fig. 3 . The quasi-metallic nanoribbons of the (N =3p+2)-family possess the largest splitting of the 0-LO and the 0-TO, which indicates a Kohn-anomaly at the Γ-point for these nanoribbons. The frequency splitting quickly decreases with increasing nanoribbon width w. In comparison, the nanoribbons of the (N =3p)-family, which are semiconducting with intermediately sized band gaps, exhibit a similar but weaker drop in frequency splitting. (3p+1)-AGNRs, possessing the largest band gaps, exhibit only a weak dependence of the LO-TO-splitting on the nanoribbon width. We found an overall small decrease from 14 cm −1 for a 4-AGNR to 11 cm −1 for a 22-AGNR.
Raman activity of overtones
An inspection of the symmetry properties of overtones shows that all overtones with an even vibrational order possess the same symmetry properties as their respective fundamental modes (at the Γ-point), e.g., 0-LO, 2-LO, 4-LO, etc. in an AGNR are all of A g symmetry. All these modes have in common that there is no vibrational "node" coinciding with the nanoribbon axis, see discussion in Ref. 21 . In the same way, the overtones with an odd vibrational order of a particular fundamental mode possess the same irreducible representation, and there is always a vibrational node on the xz-plane of the nanoribbon. A major point regarding the Raman activity is the inversion symmetry of the phonons. The acoustic fundamental modes and their overtones of even order are antisymmetric with respect to inversion and are thus not Raman active. The vibrational node on the nanoribbon axis in case of oddorder overtones of the acoustic modes, however, induces a inversion symmetry. Consequenty, those phonons are Raman active, see Table II Table II .
Regarding spectroscopic characterization we note that the B 3g symmetry is found only for AGNRs for the out-of-plane-optical fundamental mode and its overtones. This could provide a way to experimentally distingiush armchair and zigzag edges in nanoribbons by crosspolarized Raman measurements, see Tables I and II. However, it will be experimentally difficult to perform a measurement with light polarization perpendicular to the nanoribbon plane.
Breathing-like mode in nanoribbons
Another promising phonon mode for characterization purposes is the first overtone of the transverse-acoustic fundamental mode (1-TA). Here, all atoms of one half of the nanoribbon move in-phase and in opposite direction than the atoms in the other half, as shown in Fig. 4 (b) . This results in a breathing-like expansion and compression of the nanoribbon and shows great similarities to the radial breathing mode (RBM) of carbon nanotubes. The displacement pattern of this phonon mode is symmetric under inversion, thus it is Raman active. The symmetry of the mode is A g (refer to Table II) . From a theoretical point of view, its frequency should exhibit a characteristic dependence of the nanoribbon width. Fig. 4 (a) shows the calculated frequencies of BLMs of AGNRs and ZGNRs of various widths. The frequencyies of the breathing-like modes display a strong dependence on the nanoribbon width and is nearly independent of the edge type of the nanoribbon, i.e., the BLM has almost the same frequency for AGNRs and ZGNRs of equal widths. Small deviations are found for the smallest nanoribbons.
We assigned wavelengths and wave vectors to the BLMs of various nanoribbons and mapped them onto the phonon dispersion of graphene. We showed in a previous work that the Γ-point phonons of AGNRs can be unfolded to reproduce the ΓKM direction in graphene, while vibrations of ZGNRs reproduce the phonon dispersion in ΓM direction, respectively. In this way, the BLMs of nanoribbons of increasing width should move along the LA branch of graphene towards the Γ-point in the phonon dispersion. Figure 5 shows such a mapping of the BLMs onto the phonon dispersion of graphene. It can be seen that the BLMs of AGNRs and ZGNRs exhibit deviations from the LA branch for smaller nanoribbons, but comply very well in the case of larger nanoribbons. The agreement of our calculated BLM frequencies with the linear part of the graphene LA branch enables us to derive a formula for estimation of the BLM frequency of larger nanoribbons. In the linear part of the branch, the FIG. 5: (Color online) Mapping of the BLM frequencies of nanoribbons of various widths onto the phonon dispersion of graphene. As the BLM is the first overtone of the nanoribbon TA fundamental mode, the corresponding wave vector decreases with increasing nanoribbon width. Due to different orientation of the nanoribbon and the graphene lattice, the nanoribbon TA corresponds to the graphene LA. The BLM generally lies on the graphene LA branch, except for nanoribbons of very small widths (=larger wave vectors). The calculated nanoribbon frequencies have been rescaled by the same constant factor as the graphene frequencies. dispersion is given by
where k is the wave length of the vibration and a = 1025.6 Å· cm −1 is the sound velocity in our calulated phonon dispersion of graphene. The wave length of the BLM is λ = 2ẇ for all nanoribbons, where w is the nanoribbon width. The frequency of the BLM of not too narrow nanoribbons can then be estimated by
w In this zonefolding model, the BLM of a nanoribbon with a width of 10 nm would then have a frequency of approximately 32 cm −1 . We expect that the agreement of the BLM frequencies with the LA branch of graphene further improves for nanoribbons of increasng width. It is thus likely that the Eq. 10 can be used for estimating the BLM frequencies of nanoribbons with realistic widths w > 10 nm.
C. Infrared activity
Another spectroscopic method for determining vibrational properties is the exitation of phonons by absorbtion of infrared light. For a phonon to be infrared active, it has to change the permanent dipole moment in the solid and thus be able to couple with an electromagnetic field. The representation Γ IR of IR active phonons thus transforms like the representation of a polar vector Γ vec , i.e.,
The u indicates that the decomposition of Γ IR consists of only "odd" irreducible representations. Consequently, for nanoribbons, all Γ-point phonons that are not Raman active are IR active, i.e., the three acoustic fundamental modes and the respective overtones of even vibrational order and the odd overtones of optical fundamental modes. Thus, we would expect to find 3N IR active phonons for all nanoribbons, see Table III .
IV. CONCLUSION
We used group theory to study the symmetry properties of graphene nanoribbons with pure armchair-and zigzag-type edges and derived the full dynamical representations for these nanoribbons. The different symmetry properties of the phonons of nanoribbons with symmorphic and non-symmorphic symmetry groups mainly manifest themselfs at the edge of the Brillouin zone. Here, all phonon modes of non-symmorphic nanoribbons are two-fold degenerate, whereas the phonon modes of symmorphic nanoribbons are always non-degenerate. These theoretical derivations explain results from previous ab initio calculations 21 , where we calculated the full phonon dispersions of small-width AGNRs and ZGNRs. They also explain the differences in degeneracy at the edge of the Brillouin zone between graphene nanoribbons and carbon nanotubes. Using the dynamical representations at the Γ-point, we predict the phonon spectra of graphene nanoribbons to consist of 3N Raman active and 3N infrared active vibrational modes. Some Raman active modes are promising candidates for experimental characterization of nanoribbons. Our calculations of phonon frequencies using density functional theory suggest that the frequency splitting of the longitudinaloptical and the transverse-optical fundamental mode (corresponding to the TO and the LO of graphene at the Γ-point) exhibits a characteristic family dependence, with quasi-metallic nanoribbons possessing the largest splittings. Further, we found a Raman active breathinglike mode (BLM) with a strong width-dependence, similar to the radial breathing mode in carbon nanotubes. Our results might prove to be useful for future experimental investigations of the vibrational properties of graphene nanoribbons.
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Appendix A: Character tables
Here, we show the character tables for the irreducible representations of the two symmetry groups that were relevant for this paper, the symmorphic L2/mmm group and the non-symmorphic L2/mcm group. Both character tables were adapted from previous work by Bozovic et al. 29 . The corresponding matrices can be found in the same work. Characters of the irreducible representations of the non-symmorphic group L2 1 /mcm for the k-points k = (0; Here, we report the full dynamical representations of the phonons in ideal armchair-and zigzag-edged nanoribbons, as follows by Eq. 2. 
